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[1] We investigate the accuracy and resolution of estimating global ice mass variations
using secular gravity and ice elevation change observations by the planned Gravity
Recovery and Climate Experiment (GRACE) and ICESat missions. The gravity and
altimetry data combination can determine the total bedrock uplift rate with root-mean-
square (RMS) errors of 0.2–1.3 mm/yr when Gaussian averaged over a half scale of 250
km. Moreover, covariance analyses indicate that the mean snow compaction error can
be constrained to the level of 3 mm/yr in equivalent Antarctic ice thickness change. The
mean Antarctic present-day ice mass change could then be determined to about 4 mm/yr.
For a known viscosity profile, such data sets provide a spatial estimate of a linear
combination of the late Pleistocene deglaciation and a more recent past trend (last few
thousand years) in the Greenland and Antarctica mass balance. For example, when the
linear rate of the recent past trend is estimated solely for ice history, the RMS errors of
the 450-km Gaussian averages range between 1 and 3 cm/yr. Although contaminated by
the signature of present-day hydrological variations over the deglaciated areas, the 450-km
Gaussian-averaged Last Glacial Maximum height of the ancient ice sheets can be
determined to a RMS level of 300 m. The mean recovery errors are less than 100 m.
However, the gravity/altimeter data cannot resolve the load history and lower mantle
viscosity simultaneously. Additional data such as relative sea level records must be
invoked to overcome this difficulty. INDEX TERMS: 1214 Geodesy and Gravity: Geopotential

theory and determination; 1863 Hydrology: Snow and ice (1827); 8122 Tectonophysics: Dynamics, gravity
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1. Introduction

[2] Assessment of the mass balance state of polar ice
sheets is one of the most important challenges faced by
glaciologists, since it has far-reaching implications for cli-
matology and society in general. Recently, gravity, crustal
motion and Earth orientation signatures due to continental
polar ice variations have also attracted attention in the
geodetic community [e.g., Wahr et al., 1995; James and
Ivins, 1998; Trupin and Shum, 2001]. Also, radar and laser
altimetry have emerged as an important geodetic technique
in measuring elevation changes over substantial areas of the
great ice sheets with high spatial resolution [Davis et al.,
1998; Krabill et al., 1995; Wingham et al., 1998]. A new
opportunity will be provided by the Gravity Recovery and
Climate Experiment (GRACE) satellite mission and the

Geoscience Laser Altimeter System (GLAS) on-board the
ICESat mission. Both missions are scheduled for launch into
nearly polar orbits in 2002. Gravity and ice topography will
be measured, respectively, with high resolution and nearly
global coverage over a nominal 5-year mission lifetime.
[3] One of the well-recognized problems in the interpre-

tation of secular gravity and topography change data over
Greenland and Antarctica is the separability of the signa-
tures of current and past ice load change. Since the solid
Earth deforms viscoelastically, it responds simultaneously
to the present-day ice mass imbalance, to late Pleistocene
deglaciation, and to any ice mass variations that may have
occurred during the last few thousand years. One systematic
error source in linking ice altimetry to the mass variation is
associated with the poorly constrained viscoelastic bedrock
rebound. Another error source is the possible thinning or
thickening of the surface snow/firn layer whose density is
smaller than fully compacted grains of crystalline ice.
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Although models are available for firn layer evolution
[Arthern and Wingham, 1998], fluctuations in accumulation
or sublimation rates away from steady state are unlikely to
be known accurately. The net uncertainty generated by firn
evolution is referred to as the compaction error.
[4] Wahr et al. [2000] have taken an iterative approach in

combining the gravity and altimetry data sets based, in part,
upon a linear proportionality between viscous gravity and
uplift [Wahr et al., 1995]. The approach would efficiently
remove most of the viscous rebound error from the altimeter
measurement of the present-day ice mass variation if
compaction error were not significant when altimetric
measurements are converted to mass variations. They con-
clude that compaction and under-sampling related errors
dominate for a data window as short as 5 years.
[5] The viscoelastic-gravitational response of the Earth to

the late Pleistocene melting of the massive ice sheets,
commonly referred as postglacial rebound (PGR), has been
studied extensively. The modeled ice history and the mantle
viscosity profile are largely constrained by relative sea level
(RSL) records [e.g., Peltier and Andrews, 1976; Wu and
Peltier, 1983; Nakada and Lambeck, 1988; Mitrovica and
Peltier, 1991a; Tushingham and Peltier, 1991]. More
recently, geodetic observations have provided additional
constraints [e.g., Yoder et al., 1983; Mitrovica and Peltier,
1989, 1993; Milne et al., 2001]. However, the character-
istics of the various methods used for model construction
make it difficult to evaluate both the uncertainty and the
space-time resolution for the ice load and mantle viscosity
profile. In particular, the RSL data may be more sensitive to
total ice volume in certain regions than to the detailed
spatial distribution. The inferences from the RSL data
may be complicated by their sensitivity to both the space-
time history of the ice load and mantle rheology. Non-
uniqueness in the inferences can be substantial [e.g.,
Nakada and Lambeck, 1987; Mitrovica and Peltier,
1991a, 1991b; Han and Wahr, 1995]. The GRACE gravity
and GLAS altimeter data may also provide constraints on
the historical ice evolution and mantle viscosity profile.
[6] Employing simulated GRACE gravity and GLAS

altimetric data, a global inverse algorithm is developed that
simultaneously solves for the present-day linear trends of ice
mass change over Greenland and Antarctica and for global
historical ice mass evolution. Present-day oceanic and hydro-
logical mass rates over the rest of the global surface are also
solved for in a geographically iterative sense. The discretized
algorithm also incorporates realistic geographic boundaries.
Our objective is to quantitatively assess the separability of
current and past ice variations including the compaction
factor, and spatiotemporal resolution and accuracy. Mantle
viscosity profiles are fixed (not estimated) in each of our
inverse simulations. We will, in certain cases, vary the lower
mantle viscosity value to assess the effects of its uncertainty
on the determination of ice mass variations. Also presented
are the covariance analysis results when both ice mass
variation and lower mantle viscosity are solved for together.

2. Gravity and Uplift Due to a Surface Mass Load

2.1. Forward Model

[7] Satellite gravity observations such as those by GRACE
are commonly expressed in terms of spherical harmonic

coefficients of the geoid (mean sea level equipotential sur-
face) height above the reference ellipsoid, which is propor-
tional to the perturbation of the gravitational potential [e.g.,
Lambeck, 1988]. The gravity and uplift responses of the
Earth at present time tp caused by past and present-day
surface loading have typically been described in terms of
load Love numbers and viscoelastic relaxation modes [e.g.,
Mitrovica and Peltier, 1989; Han and Wahr, 1995; Ver-
meersen and Sabadini, 1997], using a generic variable, such
as
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In equation (1), a and Me are the radius and mass of the
Earth, respectively. L(q, f, t) = �l=0

1 �m=�l
l Llm(t) Ylm(q, f)

represents the harmonic expansion of the surface density of
the load mass including the meltwater distributed in the
oceans. Ylm are the fully normalized spherical harmonic
functions. Rl

E are the lth degree coefficients of the direct and
elastic effect (Rl

E = 1 + kl
E for geoid, Rl

E = hl
E for uplift, kl

E and
and hl

E are the usual elastic load Love numbers), d is the
Dirac delta function, and Rl

k and sl
k are the amplitude and

inverse decay time of the kth relaxation mode.
[8] The secular geoid rate due to the direct effect of

present-day load variation plus elastic response can be
derived from equation (1) by dropping the sum over k and
taking the time derivative [see also, e.g., Chao et al., 1987;
Dickey et al., 1997; James and Ivins, 1998; Wahr et al.,
1998]:
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where _Llm
CUR is the time rate of present-day surface density

change. Equation (2) shows that the geoid harmonic rate
_Nlm
CUR and the _Llm

CUR have a one-to-one correspondence. kl
E

and hl
E depend on the elastic structure of the Earth and are

computed using the PREM Earth model. For Rl
k, and sl

k, we
use a reference viscoelastic Earth model consisting of an
elastic lithosphere with 120 km thickness, an upper mantle
extending to a 670 km depth with a viscosity of 1.0 � 1021

Pa s, a lower mantle with viscosity assumed to be 1.0 �
1022 Pa s, and an inviscid fluid core [Han and Wahr, 1995].

2.2. Reference Load Parameterization and
Synthetic Data

[9] To study possible signatures and to perform inverse
simulations, we first assume a loosely constrained global
reference load variation scenario. Both simulated GRACE
geoid and altimeter elevation rates are then generated from
the reference scenario together with the anticipated dominant
noise. These data sets are used in our linear discrete inverse
algorithm to recover regional and global surface mass varia-
tions. The Greenland and Antarctic ice sheets are divided into
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654 2� � 6� latitude/longitude grids. The various late
Pleistocene ice sheets that completely disappeared 5–7 kyr
ago are also divided into geographic grids with approxi-
mately 200 km spatial scale. The ocean and land areas not
covered by the present or ancient ice are, however, described
by 2� � 2� grids for convenience in harmonic expansion.
[10] The linear rate of present-day ice mass change over

Greenland is derived from a filtered version of Huybrechts’
[1994] dynamic ice model prediction. For Antarctica, an
imbalance scenario of James and Ivins [1997] [see also
Jacobs et al., 1992] is used. A saw-tooth version of ICE-
3G model is used for the last glaciation-deglaciation cycle.
We choose the time origin to be at the Last Glacial Maximum
(LGM) 18 kyr before present (B.P.), so the present time is tp =
18 kyr. The ice grows linearly from an initial time t =�90 kyr
until the LGM at t = 0, then thins linearly until t0 = 14 kyr. For
the current continental ice sheets, a linear past trend twice that
of the current rate is also assumed starting at t0 = 14 kyr (4 kyr
B.P.), and ending at t1 = 17.7 kyr (0.3 kyr B.P.). The present-
day secular rate, initiated at 0.3 kyr B.P., continues up to the
present time tp. The choice of the initiation epoch for the
present-day trend is to have a negligible viscoelastic effect on
modern geodetic data but is otherwise arbitrary. For both
historical and present-day ice mass variations, corresponding
meltwater is distributed eustatically over the current oceans.
While the eustatic approximation serves our present purpose,
a more accurate sea level theory should be used to model the
real data [e.g., Tamisiea et al., 2001].
[11] The present-day spherical harmonic rates of oceanic

mass change (independent of meltwater) are based on a
variant of the Parallel Ocean Program general circulation
model developed at Los Alamos National Laboratory [Duko-
wicz and Smith, 1994; M. Molenaar and F. Bryan, personal
communication, 1998], while the present-day hydrological
mass rates are constructed from a combination of a land-
surface water and energy-balance model and a high-resolu-
tion climate model at the Geophysical Fluid Dynamics
Laboratory in Princeton (C. Milly and K. Dunne, personal
communication, 1999). A mask function has been projected
onto the hydrological model output to remove the hydro-
logical mass rates from continental ice areas where they are
indistinguishable from the ice mass variations. Both models
are adapted to conserve mass by distributing the excess mass
uniformly over the oceans or land. We assume that the
periods of oceanic and hydrological variations are relatively
short compared to the viscoelastic relaxation times, so that
any small historical variations arising in these models are
disregarded. Only the deglaciation-induced meltwater distri-
bution in the oceans is retained in the inverse algorithm.
[12] Our choice of a universal saw-tooth function is

certainly an oversimplification and more realistic global
time functions can be used in future studies. Although a
small deviation from the true time function should not
significantly alter our error estimates, gravity observations
may be more sensitive to deglaciation events occurring
more recently than 18 kyr B.P., such as those in Antarctica
and/or Greenland. The ice models could all have consid-
erable uncertainties. Our assumption that the recent past rate
is twice the present-day trend is arbitrary, serving only as an
illustrative proxy model in order to examine the potential
information content implied by the combined satellite data,
model parameterization and formal inversion. However,

since the inversion for LGM height and ice mass rates at
present and in the past is linear, partial derivatives of the
data with respect to these parameters do not depend on their
values assumed in the model. On the other hand, partial
derivatives with respect to the time parameters depend on
the magnitude of the load. The inverse sensitivity to these
parameters should be interpreted with caution, as there are
possible unmodeled errors in the reference load scenario.
[13] The ice mass within each grid is then approximated

by a circular disc with the same area as the grid, so the
Legendre polynomial expansion derived by Farrell [1972]
is applicable. The secular rate of geoid coefficients _Nlm up
to degree and order 90 for the reference load are computed
from the time derivative of equation (1). The summation for
the instantaneous elastic uplift is carried out to degree 512
for each grid [James and Ivins, 1998]. The viscous uplift
computation, however, is only carried out to degree 90 since
higher degree terms are filtered out by the elastic lithosphere
in the reference Earth model.

3. Grid Inverse Simulation

3.1. Global and Regional Inverse Problems

[14] Inversion of secular satellite gravity data alone for
global present-day and historical surface mass variations is
an underdetermined problem. Over Greenland and Antarctic
ice sheets, the addition of ice altimetry will help only to the
extent that the compaction error described in the introduction
is smaller or smoother than the present-day ice mass varia-
tions. Another source of underdeterminedness is the present-
day hydrological changes over land that was once covered by
the ancient ice sheets. In addition, there may be a trade-off
between mantle viscosity and historical load mass variations
in interpreting modern geodetic data [Mitrovica et al., 1993;
Lambert et al., 2001]. Since present-day and historical ice
mass variations are of primary interest, we first solve for ice
load parameters with fixed Earth models, and treat such
compaction, deglaciated area hydrology and mantle viscos-
ity mismodeling signatures as additional noise in the data,
rather than as estimated parameters. We begin with a baseline
inverse solution, using only instrument noise in the data.
This can be compared with inverse results using data with
various additional noise to assess the level of contamination
on the other parameter solutions. Finally, we conduct cova-
riance analyses to investigate if the underdeterminedness or
ambiguities can be substantiated or if more information can
be derived from the data by estimating additional parameters.
[15] Our baseline inversion solves for global secular sur-

face mass variations. These include present-day oceanic and
hydrological mass variations over oceanic and land (not
covered by ancient or current ice) grids, respectively. Two
parameters are solved for over each ancient ice grid: the
LGM ice height and the linear deglaciation time. For each
current ice grid, in addition to the main-phase deglaciation
parameters, we also solve for a present-day secular ice mass
rate and a trend for the recent past (up to 0.3 kyr B.P.;
hereinafter termed the ‘‘recent past trend’’). Also, one
correction to the starting time, t0, of the recent past trend
�t0, is solved for over each continental ice sheet. Since
meltwater is a dependent variable, it is not estimated
explicitly. Mass conservation is enforced using a fictitious
zero degree geoid observable with a very small uncertainty.
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[16] After grid parameterization and linearization, the
observation equation for our global inverse problem can
be generally written as

L ¼ AXþ BYþ��: ð3Þ

L is the 8942-dimension data vector including geoid height
rate up to degree/order 90 and one mean altimetric elevation
rate over each current ice grid. X is the 3413-dimension
parameter vector describing present-day and past surface
mass changes over the current or ancient ice sheets as
described above. Y is the 9458-dimension parameter vector
for present-day surface mass variation over the vast areas of
the oceans and land not covered by current or ancient ice.�
represents the sum of measurement noise and the unmo-
deled signal in the data such as those mentioned above.
[17] We assume the a priori mean to be zero for all

linearized parameters. The corresponding a priori cova-
riance matrix is taken to be diagonal with very large
variances so that no significant amplitude constraints are
placed on the model parameters except as otherwise noted.
A diagonal measurement covariance matrix is also used in
this study. The secular geoid coefficient uncertainties are
derived from semianalytical prediction including major
error sources anticipated for the GRACE mission (GRACE
Project Science and Mission Requirements Document).
Since errors in atmospheric mass variation models have
an insignificant secular component [Wahr et al., 2000;
Velicogna et al., 2001], they are not included in our study.
The GLAS elevation uncertainty will be 1 cm, or less, for
the minimum grid box of 10 km � 10 km and each 6-month
repeat track. This translates to a 1.5 mm/yr uncertainty in
elevation rate observations over 5 years and the larger
(	200 km) current continental ice grid.
[18] In our regional analysis experiments, we assume that

there is no secular surface mass variation over the oceans and
land areas not covered by ancient or current ice sheets other
than the meltwater, or equivalently, Y = 0. Hence only
parameters over the current and ancient ice grids (X) and the
associated posterior covariancematrix are estimated using the
standard least squares procedure from GRACE secular geoid
data and covariances. Here, mass conservation is assured by
explicitly tracking the meltwater transfer in the model.

3.2. Inverse Strategy

[19] The global inversion is computationally challenging
due to the vast area occupied by the oceans and hydrological
land with active mass variations (Y 6¼ 0). A simplified
treatment is used in our study. Since the spherical harmonic
coefficient of the present-day surface mass change _Llm

CUR and
the coefficient of the resulting geoid change _Nlm

CUR have a
simple relation (equation (2)), one can easily obtain the
surface mass variation without matrix inversion if the geoid
height rate is known and if the viscoelastic signal in the solid
Earth is ignored. This fact is exploited in our study to avoid
the very large (12,871 dimension) normal matrix. To obtain
a first approximation for Y, the rates of geoid coefficients
contained in L are converted into rates of global surface
mass harmonic coefficients. Gaussian averages of the sur-
face mass changes are then derived over each 2� � 2� grid
by multiplying the coefficients with degree-dependent
smoothing factors and summing the harmonic terms over
degree and order [Jekeli, 1981]. A Gaussian half scale (see

below) of 50 km is used for the averages. The estimate Ŷ is
then obtained by multiplying the global surface mass dis-
tribution by a mask function that is unity over oceans and
land away from the ice sheets but zero over the current and
ancient ice grids. The first approximate solution for X results
from the new observation equation L � Ŷ = AX using the
standard least squares method. The next iteration repeats the
above procedure except that L� AX̂ is used in place of L to
derive a new Ŷ, thus also providing a new estimate of X. The
residuals and the solutions for both X and Y converge after
more than 100 iterations.
[20] The inverted parameters over each ice grid have large

errors due to the error structure in the satellite gravity
measurements. Instead of using the box-car averages, we
perform a running average procedure with a Gaussian
kernel at each grid i:

�X i ¼
Xn
j¼1

Aje
�ln 2ðsij=s0Þ2 X̂j=

Xn
j¼1

Aje
�ln 2ðsij=s0Þ2 ; ð4Þ

where X̂ j is the least squares estimate for the parameter of the
jth grid, n is the total number of grids, Aj is the area of the jth
grid, sij is the distance between the ith and jth grid centers,
and s0 is the Gaussian half scale. Note that such an averaging
kernel is also unimodular, meaning that the sum of the
averaging coefficients is unity. The average centered at each
grid is used to represent the grid value and hereinafter
defines the s0 Gaussian average. The s0 is a measure of
spatial resolution and is chosen to reach a reasonable balance
with the uncertainty level of the corresponding Gaussian
averages. The RMS and mean values of the running
Gaussian averages summarize the inverse results over
certain geographic areas. The covariance of the Gaussian
averaged parameters are derived from the posterior covar-
iance matrix for the original parameters according to the law
of error propagation [Rao, 1973]. The inverse recovery error
is obtained from the difference between the Gaussian
averages of the reference and inverted parameter values.
[21] For regional analysis, the resulting posterior cova-

riance can be used to assess separability, accuracy and
resolution. This will be supported by the inverted result
when it is compared with the reference parameter state used
in the simulation. The iterative global solution, however,
does not yield any meaningful posterior covariance. Sepa-
rability, resolution, and accuracy can only be inferred by
comparing the inverted result with the reference parameter
values, both Gaussian averaged with a consistent spatial
scale. It should be noted here that the recovery errors in the
simulated inverse study are not exactly the same as formal
uncertainties in the estimates, which can be considerably
larger or smaller. Instead, they are just one realization of the
random vector with the formal uncertainties as its standard
deviations. Simultaneous global grid solutions would pro-
vide a more robust information content and an effort is
underway to achieve such solutions using massively parallel
computing architectures [Wang and Wu, 2002].

4. Results and Discussion

4.1. Regional Recovery Using Gravity Data

[22] Our regional analysis shows that by isolating secular
surface mass variations geographically and using a fixed
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Earth rheological structure, the synthetic GRACE global
gravity data alone can separate the present-day and histor-
ical ice mass variations. As an example, both present-day
and past ice mass variations over Greenland are estimated
along with late Pleistocene Laurentian deglaciation using
simulated GRACE geoid coefficients. Most of the signifi-
cant features in the present-day ice mass imbalance model
are recovered by the inversion. The RMS formal uncertainty
for the 250-km Gaussian average present-day rates in
equivalent ice thickness is 2.1 cm/yr. The uncertainty for
the mean thickness change of the ice sheet is 3 mm/yr,
corresponding to 0.01 mm/yr in sea level rise due to
Greenland contribution.
[23] The geoid root variances of different signatures are

shown in Figure 1. Examination of the spatial wavelength
spectrum reveals that the viscoelastic Earth behaves like a
low-pass filter so that the power of the viscous response to
load variation diminishes toward the shorter wavelengths
(also see the map view figures of Ivins et al. [2001]). In the
parameterization both historical and current load mass
variations are allowed the same spatial scale by using the
same grids, but the responses are obviously different in
spatial pattern, indicating that the columns of the measure-
ment matrix A are linearly independent. This allows the
high-resolution global GRACE gravity measurements to
distinguish between them [also see Kaufmann, 2000].
[24] However, the Earth’s dynamic ocean and hydrolog-

ical land areas are known to undergo interdecadal and
intradecadal variability, and these processes may involve
significant mass variations. As pointed out by Wahr et al.
[2000], we face the difficulty of working with data having a
time span that is short in comparison to the long-period
variations that are of interest. Also, the regional grid
algorithm is sensitive to unmodeled signals in the data from
the omitted geographic regions. Although providing sub-
stantial insight, the regional algorithm has limited applic-
ability to future gravity mission data. In particular, oceanic

and hydrological mass variations must be included in the
global inverse solution.

4.2. Global Inverse: Recovery Over Greenland
and Antarctica

[25] Over the current continental ice sheets, if the surface
density profile remains constant, the combination of
GRACE geoid and ice altimetry in the global solution
effectively separates the present-day ice mass variation
signatures and viscous PGR signatures in both data types.
This is shown in our baseline inverse result. The RMS and
mean 250-km Gaussian average bedrock viscous uplift
recovery errors are listed in Table 1, using GLAS instrument
noise sh = 1.5 mm/yr over each grid. The significant
reduction of the systematic viscous uplift error from the
order of centimeters per year to that of millimeters per year
highlights the potential contribution of the combined GLAS
altimetry and GRACE gravity data sets to the determination
of present-day ice mass imbalance. The mean ice mass
imbalance recovery errors over Greenland and Antarctica
are �0.5 and 0.3 mm/yr, respectively, consistent with errors
due to GLAS noise only.
[26] This result is in agreement with that of Wahr et al.

[2000], who used an iterative approach in applying ice
topography and gravity data guided by approximate obser-
vation equations in the spherical harmonic domain. The
spherical harmonic rates for the geoid and the ice top-
ography can be written, respectively, as

_Nlm ¼ 4pa3

Me

1þ kEl
2l þ 1

_L
CUR

lm þ _N
PGR

lm ; ð5Þ

_Ulm � 1

rice
þ 4pa3

Me

hEl
2l þ 1

� �
_L
CUR

lm þ 2l þ 1

2

� �
_N
PGR

lm þ Clm: ð6Þ

Here rice is the density of solid ice. The 2nd term in the
topography change equation is the PGR uplift coefficient
_Ulm
PGR � [(2l + 1)/2] _Nlm

PGR [seeWahr et al., 1995]. Clm is the
harmonic coefficient of the compaction error, which is zero
for the baseline case. Although gravity and altimetric
techniques are both affected by the ambiguity between the
current and past load variation, they measure entirely

Figure 1. Square root of the geoid degree variance due to
the gravitational and elastic effects of the current Greenland
linear trend; total viscous response to late Pleistocene
deglaciation and the recent past trend (PGR); residual total
viscous response from the regional inversion; and the
GRACE geoid error.

Table 1. Recovery Error Over Current Continental Ice Sheetsa

sh = 1.5
mm/yr

sh = 7
mm/yr

�h = 5
mm/yr

�nLM =
�5.5 � 1021 Pa s
sh = 1.5 mm/yr Unit

GRE RMS uPGR 0.2 1.0 1.3 0.2 mm/yr
GRE mean uPGR 0.04 0.02 �1.3 0.02 mm/yr
ANT RMS uPGR 0.3 0.5 1.2 0.2 mm/yr
ANT mean uPGR �0.2 �0.1 �1.2 �0.1 mm/yr
GRE RMS hLGM 36 96 275 80 m
GRE mean hLGM �2 18 �273 �19 m
ANT RMS hLGM 16 48 292 52 m
ANT mean hLGM �1 2.3 �291 7 m
GRE RMS _hpast 0.3 0.9 2.6 5.1 cm/yr
GRE mean _hpast 0.04 0.1 2.6 �5.1 cm/yr
ANT RMS _hpast 0.2 0.7 2.5 0.8 cm/yr
ANT mean _hpast �0.02 �0.3 2.5 �0.7 cm/yr

aThe PGR uplift (uPGR) errors are represented by 250-km Gaussian
averages, while the LGM height (hLGM) and past rate ( _hpast) errors are
represented by 450-km Gaussian averages. �nLM is the fixed bias in the
lower mantle viscosity. GRE, Greenland; ANT, Antarctica.
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different physical quantities not proportionally affected by
historical and current ice mass changes. In a schematic way,
there are two different observables in the harmonic domain:
geoid and uplift, and two unknowns (with Clm = 0): secular
present-day ice mass change and PGR geoid rate. Our
method is different from that of Wahr et al. [2000] in that
the approximate linear proportionality between PGR uplift
and gravity is not employed, and our explicit parameters for
the PGR are historical load mass variations. However,
equations (5) and (6) provide a good physical explanation of
why the gravity/altimetry data sets can resolve present-day
secular ice mass change and PGR geoid or PGR uplift
signatures.
[27] Moreover, the combination of GRACE gravity data

with ice altimetry offers a window through which we might
be able to view the history of evolution of the continental
ice sheets. For example, with a fixed mantle viscosity
profile and assuming well-known deglaciation time inter-
vals with no linear trend in the recent past from t0 to t1, then
the combination of data can be used to determine the LGM
height of these ice sheets. Figure 2 shows the 450-km
Gaussian average recovery errors in Antarctica using the
sh = 1.5 mm/yr altimeter noise. The RMS and mean
recovery errors are also listed in Table 1 (rows 5 to 8).
On the other hand, if the late Pleistocene deglaciation events
are well constrained, the gravity and altimetry data can be
used to infer a recent past trend separately from the present-
day trend. The trend starting from 4 kyr B.P. can be
determined quite well. The RMS and mean 450-km Gaus-
sian average recovery errors in the recent past trend are also
listed in Table 1 (rows 9 through 12).
[28] However, the contemporary geodetic data sets lack

any substantive temporal resolution. This is to be expected
since 5 years of observation is, in effect, a snap shot in time,
when compared with glaciation and deglaciation timescales.
Our simulations show that the ancient deglaciation and a
recent past trend cannot be meaningfully separated using the
gravity/altimetry data sets alone. Without any a priori
information constraining the late Pleistocene deglaciation,
the geodetic data sets cannot even separate the LGM height
and the deglaciation time over the grids. If these are solved
for together, the RMS 450-km Gaussian average recovery
error for the LGM height over the current ice sheets becomes
1.1 km. The mean recovery errors on the other hand are
smaller, 296 m for Greenland and 61 m for Antarctica.
[29] We now turn to the effects of the compaction errors

inherent in converting the altimeter elevation data to the ice
mass variation. Wahr et al. [2000] have estimated that the
temporal RMS 5-year spatial mean compaction error could
be 4.5 mm/yr in equivalent water thickness, and the mean
compaction error over a 5-year period can be as large as 18
mm/yr. The compaction errors also have considerable
spatial variability with an anticipated correlation length of
1000 km [Arthern and Wingham, 1998]. For Antarctica, the
average RMS compaction error about the spatial mean
values over 170 years is estimated to be 6.8 mm/yr. In this
paper we use a constant 5 mm/yr bias and a 6.8 mm/yr
random grid error as additional noise in altimeter elevation
rate measurements to simulate the possible mean and
spatially variable compaction errors.
[30] When the random instrument and compaction noise

sh = 7 mm/yr is used in the altimeter data, the RMS 250-km

Gaussian average total viscous uplift error becomes larger.
However, the mean viscous uplift errors for both Greenland
and Antarctica remain small (see column 2 in Table 1). The
mean present-day ice mass imbalance recovery errors for
Greenland and Antarctica are �0.5 and �0.1 mm/yr,
respectively, in equivalent ice thickness. Recovery errors
for either the LGM ice heights or the recent past trends also
increase modestly (Table 1 and Figure 3). In contrast, the
bias �h = 5 mm/yr in the altimeter elevation rate measure-
ment across Greenland or Antarctica (in addition to the
instrument noise) causes both RMS and mean viscous uplift
errors to increase significantly. The mean Greenland mass
imbalance error becomes 6.3 mm/yr in equivalent ice thick-
ness. The root cause of this increase is, essentially, the
accretionary effects of the compaction and PGR errors, �h
� mPGR (see Table 1). The bias also strongly contaminates
the LGM height and the recent past trend estimates. In
section 4.5 we discuss methods for reducing the compaction
error through estimation.

4.3. Global Inverse: Recovery over Ancient Ice Sheets

[31] The recovery errors of the 450-km Gaussian average
LGM equivalent ice height over the ancient Laurentian ice
sheet are plotted in Figure 4. The errors tend to increase
toward the boundary of each large ice sheet. Errors are also
larger for smaller ice sheets since satellite gravity data
poorly resolve them. The RMS and mean 450-km Gaussian

Figure 2. The 450-km Gaussian average inverse recovery
errors in the LGM heights over Antarctica. Elevation rate
noise is assumed to be 1.5 mm/yr over each grid for 5 years
of GLAS altimeter measurements. See color version of this
figure at back of this issue.
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average recovery errors are listed in Table 2 for two cases of
inverse simulations. In the first case, the deglaciation time is
fixed and no hydrological signatures from the area covered
by the ancient ice sheets are included in the simulated data.
When the hydrological signatures from the area are included
as noise in the simulated data and deglaciation times with a
priori uncertainty of 5 kyr for each grid are also estimated in
the second case, the RMS recovery error becomes 2–3
times larger. The mean recovery error, however, is not
significantly perturbed. The dominant source for the RMS
errors in this case is the hydrological contamination of the
gravity data.

4.4. Effects of Uncertainty in Lower Mantle Viscosity

[32] Currently, the range of lower mantle viscosity esti-
mates spans more than one order of magnitude. To examine
the effects of this uncertainty, we use the fixed reference
viscoelastic Earth model to generate the simulated data but
carry out inverse analyses assuming a different value of
lower mantle viscosity. This is equivalent to introducing
mismodeling errors in the data due to a bias in this
parameter, �nLM. Our ability to recover the present-day
ice mass variation, elastic uplift, and PGR uplift does not
depend on the knowledge of the lower mantle viscosity
value (Table 1). This result is consistent with the analysis of
Wahr et al. [2000]. The knowledge of viscosity profile,

however, is crucial to the determination of historical ice
evolution. For example, when a bias �nLM = �5.5 � 1021

Pa s is introduced in the Earth model, the recovery errors in
the recent past trends and LGM ice heights become con-
siderably larger using 1.5 mm/yr altimeter noise and without
compaction error (Table 1) or hydrological contamination
(Table 2).

4.5. Constraints on Mean Compaction and Lower
Mantle Viscosity

[33] As discussed above, the average compaction error
across each continental ice sheet is the dominant factor in
degrading the solution approach for determining both the
present-day ice mass imbalance and for constraining histor-
ical ice load evolution. Knowledge of the mantle viscosity
profile is also critical to unraveling the ice load history.
Whether a mean compaction error per ice sheet, or a uniform
lower mantle viscosity value, can be solved simultaneously
along with the ice mass variation from the satellite altimeter
and gravity data then becomes an intriguing question.
Normally, our geographically iterative algorithm cannot
compute a posterior covariance matrix, as already men-
tioned. However, we can conduct covariance analyses based
on different simulated inversions to derive the formal uncer-
tainty for these two parameters if either one were estimated
together with the surface mass parameters.

Figure 3. (a) Simulation input model and (b) inverse recovered past trends in Greenland. Both are 450-
km Gaussian averaged; 7 mm/yr altimeter elevation rate noise is assumed to reflect instrument and
possible spatially variable compaction errors. See color version of this figure at back of this issue.
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[34] For our baseline inversion, only instrument noise� =
�0 is included. Equation (3) can be rewritten in the
following form:

L0 ¼ FZþ��0; ð7Þ

where F = [A B] and ZT = [XTYT] is the transpose of Z.
The residual vector is then

V ¼ I� FðFTPFÞ�1
FTP

h i
��0 ¼ C��0; ð8Þ

where I is the identity matrix and P is the inverse of the data
noise covariance matrix. The c-square of the residuals is

VTPV ¼ ��TCTPC��0: ð9Þ

In the second inversion, the noise also includes a
mismodeling error, � = �0 + Gb, where b is either a
constant compaction error or an error in the lower mantle
viscosity value. G is a column matrix containing corre-
sponding partial derivatives. The new vector observation
equation becomes:

L ¼ FZþGbþ��0: ð10Þ

We carry the iterative least squares solution solving only for
Z. The residual and c-square in this case are

Vb ¼ CðGbþ��0Þ; ð11Þ

VT
bPVb ¼ GTCTPCGb2 þ VTPVþ 2bGTPV: ð12Þ

All terms in equation (12) are known except the first term
on the right because the matrix C is not computed by the
iterative least squares inversion.
[35] If we solve Z and b together, the posterior covariance

matrix of the solution would be

D ¼ D11 D12

D21 D22

� �
¼ N�1

¼ N11 N12

N21 N22

� ��1

¼ FTPF FTPG

GTPF GTPG

� ��1

; ð13Þ

where N is the normal matrix of the least squares problem.
D22 is the scalar posterior covariance of b. By a matrix
version of Gaussian reduction, it can be demonstrated that

D22 ¼ ðN22 � N21N
�1
11 N12Þ�1: ð14Þ

Figure 4. The 450-km Gaussian average inverse recovery errors in the LGM ice heights over the
ancient Laurentian ice sheet. (a) Simulated data that do not include hydrological noise from the area once
covered by the ice sheet and deglaciation times are assumed known and (b) data that include hydrological
noise from the area and deglaciation times are also solved for with a priori uncertainty of 5 kyr for each
grid. See color version of this figure at back of this issue.

Table 2. Recovery Error in Ancient Ice LGM Heightsa

Laurentide All Ancient Ice

RMS Mean RMS Mean

_hhydro = 0, st0 = 0 93 �61 130 �95
_hhydro 6¼ 0, st0 = 5 kyr 270 �24 280 86
�nLM = �5.5 � 1021 Pa s 362 354 303 259

aUnits are meters. The _hhydro is the present-day rate in equivalent water
thickness due to hydrological variations. The signal from the model is
included in the data ( _hhydro 6¼ 0) but is not solved for. It is not included in
the data ( _hhydro = 0). st0 is the a priori uncertainty for the deglaciation
time over each grid; st0 = 0 means that the deglaciation time is fixed. �nLM
is the fixed bias in the lower mantle viscosity.
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Since D22 is a scalar, we therefore have the formal
uncertainty of b as

sb ¼
ffiffiffiffiffiffiffiffi
D22

p
¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GTCTPCG

p
: ð15Þ

The denominator can be derived from the known terms of
equation (12) and the value of b.
[36] For the mean Antarctic compaction factor, the poste-

rior formal uncertainty is computed to be 1.5 mm/yr. This is
the uncertainty if the mean compaction were estimated
simultaneously with the global surface mass variation Z,
using 1.5 mm/yr instrument noise as the grid uncertainty in
elevation rate measurements. This formal uncertainty result
is also supported by our iterative simulation when b is solved
together with Z. The recovery error for b is 2 mm/yr. This
result also does not depend on accurate knowledge of the
lower mantle viscosity value. When 7 mm/yr random grid
error is used for the elevation rate measurements, the formal
uncertainty for the mean compaction factor becomes 3.1 mm/
yr. The formal uncertainty for the mean Greenland compac-
tion is 2.7 mm/yr, using a 1.5 mm/yr instrument noise.
[37] In principle, the high-resolution altimeter and gravity

data combination should be able to constrain the present-day
ice mass variation, PGR uplift, and some spatial averages of
the compaction errors simultaneously. This can be seen by
examining equations (5) and (6) with Clm = Flmb 6¼ 0, where
Flm are known coefficients. The additional parameter b
would at first seem to introduce an apparent rank deficiency
in the equations. However, as can be seen in Figure 1, the
PGR geoid variations have diminished power toward the
high degrees. For physically plausible scenarios and a
reasonably thick lithosphere, the high-degree PGR terms
can be dropped from the equations, which then allow the
mean compaction b to be resolved by the data combination,
even though the adjusted bias b in the altimetric data does
not directly affect the gravity. In practice, the magnitude of
this potentially important constraint on b depends on such
factors as the magnitude and geographic correlation of the
compaction errors, as well as eventual measurement noise in
both gravity and altimetric elevations. Future study of this
issue using a simultaneous inversion procedure and geo-
graphically correlated compaction errors is desirable.
[38] The formal uncertainty of lower mantle viscosity is

estimated to be 3 � 1022 Pa s if it is estimated together with
the ice parameters. We should point out that rigorous
inversion for the lower mantle viscosity has to deal with
the issue of nonlinearity [Mitrovica and Peltier, 1993]. Our
purpose here is to provide a rough estimate of the informa-
tion content of the data with respect to this parameter. When
the residuals are examined geographically for two inversion
cases with the same simulated data but different fixed lower
mantle viscosity values, they retain the same basic ampli-
tudes and spatial patterns. Similar results are also obtained
when the deglaciation times and recent past trends for the ice
sheets are fixed and an inversion is only performed for LGM
ice heights. This indicates that the satellite data alone cannot
effectively separate the viscosity profile and ice load history.

5. Conclusions

[39] Secular gravity variations to be measured by the
GRACE mission are integral constraints on the near-surface

and deep mass transport in the dynamic Earth. Combined
use of GRACE measurements with other geodetic or geo-
logical data sets have the potential to enhance the separation
among geophysical sources and to improve the accuracy/
resolution for surface mass variations and deformation. As
an initial step, this paper has sought to evaluate the
information content of the concurrent GRACE gravity and
GLAS altimetry data in terms of current and past cryogenic,
oceanic and hydrological surface mass variations within a
discrete global inverse framework. Equivalent ice or water
thickness changes are inverted from synthetic data and
compared to the input parameters to assess recovery errors
and resolution. Covariance analyses have addressed the
sensitivities to critical parameters such as mean compaction
errors over Greenland and Antarctica, and lower mantle
viscosity. The main conclusions are as follows:
1. The gravity and altimetry data combination reduces

the bedrock PGR uplift error for Greenland and Antarctica
to the level of 1 mm/yr. Also, the mean compaction error
can be constrained for large continental ice sheets. Our
simulation and covariance analysis suggest a formal
uncertainty of about 3 mm/yr for the mean compaction
error in Antarctica. Compared with ‘‘altimeter only’’
solutions, the data combination has the potential to reduce
systematic PGR and compaction errors in the mean
Antarctic present-day ice mass imbalance determination
from 1–2 cm/yr to 4 mm/yr, corresponding to an error of
0.1 mm/yr in sea level contribution. The compaction error
may have considerable large scale spatial variability over
Greenland and Antarctica. GPS uplift measurements on
exposed bedrock can provide valuable constraints on these
errors, thus better constraining both present-day mass
imbalance and PGR [Velicogna and Wahr, 2002].
2. The new data combination will also provide

combinations of historical ice load variables that can be
useful in unraveling the history of the ice sheet. However,
to adequately resolve the loading history using the
methods outlined here, an accurate knowledge of the
mantle’s viscosity profile is required a priori. The global
secular gravity and ice altimetry data will not be able to
resolve surface load history and lower mantle viscosity
simultaneously. Combining the high spatial resolution
geodetic data with the RSL records might provide a
resolution of this difficulty.
3. For a fixed viscosity profile, the RMS 450-km

Gaussian average LGM heights of ancient ice sheets can
be constrained to about 300 m with reasonable additional
constraints on the deglaciation time. A major source of
error in this reconstruction is the unknown hydrological
mass variation over the once ice-covered areas. The mean
LGM ice height across each large ice sheet can,
nonetheless, be constrained to levels well below 100 m
by the secular geodetic data, despite the hydrological
contamination. Any reduction in the hydrological contam-
inations from in situ data would lead to a better map of the
equivalent ancient ice heights. The combination of satellite
gravity with RSL and GPS monitoring should significantly
improve the reconstruction of the ancient ice sheets and
inferences of mantle viscosity profile [e.g., Milne et al.,
2001].
4. For the existing continental ice sheets, the contem-

porary altimeter/gravity data cannot discern, in and of
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themselves, load variation events in the past, especially in
regard to distinguishing between late Pleistocene deglacia-
tion and load variations occurring over the last few
thousand years. Provided that any recent past trends are
independently constrained, the onset and deglaciation
times should be better constrained by the RSL data,
which have better time resolution than contemporary
geodesy. Then the spatial distribution of LGM heights
determined by the geodetic data shall be an invaluable
complement to reconstructions of the ice sheet history.
This may be especially true for the Antarctic ice sheet
where local RSL records are sparse. The secular geodetic
data can also be used to detect any ice mass trends in the
last few thousand years if the late Pleistocene and early
Holocene deglaciation are separately determined. Such
separation of the historical load events over the current
polar ice sheets will also benefit from more data such as
ice core, dated volcanic ash and glacio-moraine deposits,
and rock surface exposure ages [e.g., Ackert et al., 1999;
Borns, 2001; Steig et al., 2001].
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Figure 2. The 450-km Gaussian average inverse recovery errors in the LGM heights over Antarctica.
Elevation rate noise is assumed to be 1.5 mm/yr over each grid for 5 years of GLAS altimeter
measurements.
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Figure 3. (a) Simulation input model and (b) inverse recovered past trends in Greenland. Both are 450-
km Gaussian averaged; 7 mm/yr altimeter elevation rate noise is assumed to reflect instrument and
possible spatially variable compaction errors.
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Figure 4. The 450-km Gaussian average inverse recovery errors in the LGM ice heights over the ancient
Laurentian ice sheet. (a) Simulated data that do not include hydrological noise from the area once covered
by the ice sheet and deglaciation times are assumed known and (b) data that include hydrological noise
from the area and deglaciation times are also solved for with a priori uncertainty of 5 kyr for each grid.
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